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Abstract
In this paper we study families of complex Hermite polynomials and
construct deformed versions of them, using a GL(2,C) transformation.
This construction leads to the emergence of biorthogonal families of
deformed complex Hermite polynomials, which we then study in the
context of a two-dimensional model of noncommutative quantum me-
chanics.
1 Introduction
Noncommutative quantum mechanics is a highly active area of current re-
search. The motivating factor here is the belief that a modification of stan-
dard quantum mechanics is needed to model physical space-time at very short
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distances. One way to introduce such a modification is to alter the the canon-
ical commutation relations of quantum mechanics. One can then study, for
example, the effect of such a modification on well-known Hamiltonians, such
as the harmonic oscillator or the Landau problem and their energy spectra.
For some recent work in this direction see, e.g., [2, 3, 4, 10, 11, 15, 16]. In
this paper we work with a similar version of noncommutative quantum me-
chanics, i.e., one describing a system with two degrees of freedom. However,
our aim here is to study certain associated classes of complex biorthogonal
polynomials, arising as a consequence of the altered commutation relations.
These biorthogonal polynomials appearing in much the same way as the
complex Hermite polynomials [5, 7, 9, 12, 13], arise in the standard quantum
mechanics of a system with two degrees of freedom.
The main body of our results on the biorthogonal complex Hermite poly-
nomials is presented in Sections 3 – 4, in particular in Theorem 4.1. The
relationship of these polynomials to noncommutative quantum mechanics is
discussed in Section 5.
We start with the usual quantum mechanical commutation relations
[Qi, Pj] = iδijI, i, j = 1, 2 . (1)
Here the Qi, Pj are the quantum mechanical position and momentum observ-
ables, respectively. In non-commutative quantum mechanics one imposes the
additional commutation relation
[Q1, Q2] = iϑI, (2)
where ϑ is a small, positive parameter which measures the additionally in-
troduced noncommutativity between the observables of the two spatial co-
ordinates. The limit ϑ = 0 then corresponds to standard (two-dimensional)
quantum mechanics. One could also impose a second non-commutativity
between the two momentum operators:
[P1, P2] = iγI , (3)
where γ is yet another positive parameter. Physically, such a commutator
would mean that there is a magnetic field in the system.
The Qi and Pi, i = 1, 2, satisfying the modified commutation relations
(2) and (3) can be written in terms of the standard quantum mechanical
position and momentum operators qˆi, pˆi, i = 1, 2, with
[qˆi, pˆj ] = iδij , [qˆi, qˆj ] = [pˆi, pˆj] = 0.
2
One possible representation is
Q1 = qˆ1 − ϑ
2
pˆ2 P1 = cpˆ1 + dqˆ2 c =
1
2
(1±√κ), d = 1
ϑ
(1∓√κ)
Q2 = qˆ2 +
ϑ
2
pˆ1 P2 = cpˆ2 − dqˆ1 κ = 1− γϑ, γ 6= 1
ϑ
(4)
In this paper, we shall assume such a non-commutative system, however,
with the additional restriction
ϑ = γ.
Then, introducing the annihilation and creation operators,
Ai =
1√
2
(Qi + iPi), A
†
i =
1√
2
(Qi − iPi), i = 1, 2, (5)
we have the modified commutation relations,
[Ai, A
†
i ] = 1, [Ai, Aj ] = 0, [A1, A
†
2] = iϑ, i, j = 1, 2 . (6)
Note, in particular that
[A1, A2] = 0 =⇒ [A†1, A†2] = 0,
which means that one still has two independent bosons and the operators A1
and A2 still have a common ground state, which we may conveniently denote
by |0, 0〉.
It is well known that the Hermite polynomials (in a real variable) are
naturally associated to the commutation relations [a, a†] = 1 for a single
bosonic degree of freedom. Writing them as Hn(x), n = 0, 1, 2, . . . , x ∈ R,
they satisfy the orthogonality relations:∫
R
Hm(x)Hn(x) e
−x2 dx =
√
pi2nn! δmn , (7)
and are obtainable using the formula:
Hn(x) = (−1)nex2
(
d
dx
)n
e−x
2
, (8)
or using the generating function,
e2xz−z
2
=
∞∑
n=0
zn
n!
Hn(x) . (9)
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On the Hilbert space L2(R, e−x
2
dx), the operators of creation and annihila-
tion are,
a† =
1√
2
(
2x− d
dx
)
, a =
1√
2
d
dx
, [a, a†] = 1 . (10)
On this space, the normalized Hermite polynomials hn can be obtained as:
hn(x) :=
1
[
√
pi 2n n!]
1
2
Hn(x) and hn =
(a†)n√
n!
h0 , (11)
where h0, the ground state, is the constant function,
h0(x) =
1
pi
1
4
, x ∈ R .
The vectors hn form an orthonormal basis of L
2(R, e−x
2
dx). All this, of
course, is standard and well-known.
A second representation of the commutation relation [a, a†] = 1, and
the one that will be more pertinent to the present work, is on the Hilbert
space (Fock-Bargmann space) L2
anal
(C, dν(z, z)) of all analytic functions of a
complex variable z = x+ iy, which are square integrable with respect to the
measure
dν(z, z) = e−|z|
2 dz ∧ dz
i2pi
= e−[x
2+y2] dx dy
pi
.
On this space the creation and annihilation operators take the form a† = z
(operator of multiplication by z) and a = ∂z, respectively. The normalized
ground state is the constant function h0(z) = 1, z ∈ C. The orthonormal
basis, built again as in (11), is now given by the monomials
hn(z) =
(a†)n√
n!
h0 =
zn√
n!
. (12)
For two independent bosons, the two sets of creation and annihilation op-
erators a†i , ai, i = 1, 2, satisfy the commutation relations [ai, a
†
j] = δij , and
this set can be irreducibly represented on the full Hilbert space H(C) =
L2(C, dν(z, z)), via the operators [1]
a1 = ∂z, a
†
1 = z − ∂z, a2 = ∂z , a†2 = z − ∂z, (13)
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Note that L2
anal
(C, dν(z, z)) is a proper subspace of H(C). Using again the
ground state h0,0(z, z) ≡ 1, one can build an orthonormal basis for H(C):
hm,n(z, z) =
(a†1)
m (a†2)
n
√
m! n!
h0,0 =
(z − ∂z)m (z − ∂z)n√
m! n!
1, (14)
m,n = 0, 1, 2, . . .. It is clear that hm,0(z, z) = hm(z). The functions hm,n(z, z)
have the explicit forms (see, for example, [5]):
hm,n(z, z) =
√
m! n!
mgn∑
j=0
(−1)j
j!
zm−j
(m− j)!
zn−j
(n− j)! , (15)
where m g n denotes the smaller of the two numbers m and n. Moreover,
it is easy to verify that the functions Hm,n(z, z) =
√
m!n! hm,n(z, z) are also
obtainable as
Hm,n(z, z) = (−1)m+n e|z|2∂mz ∂nz e−|z|
2
, (16)
a relation which should be compared to (8). By analogy, the functions Hm,n
(of which the hm,n are just normalized versions) are called complex Hermite
polynomials [5, 7].
In the sequel we shall basically “deform” the relation (14) to obtain fam-
ilies of generalized biorthogonal Hermite polynomials, in which the operators
ai a
†
i , i = 1, 2 will be replaced by operators similar to those in (5) of non-
commutative quantum mechanics.
The rest of this paper is organized as follows. In Section 2 we lay down
some abstract preliminaries connected with Hermite polynomials and con-
struct generating functions, using an operator technique. In Section 3 we
introduce the deformed complex Hermite polynomials, obtain some of their
immediate properties and work out the representation of GL(2,C) which
gives rise to the deformed polynomials. In Section 4 we introduce the families
of biorthogonal deformed complex Hermite polynomials. Section 5 is devoted
to a study of the pertinence of the above results to a two-dimensional model
of noncommutative quantum mechanics. Finally, in Section 6 we look at
some second order generators built out of the deformed creation and anni-
hilation operators introduced earlier and identify the Lie algebras generated
by them.
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2 Some abstract preliminaries and generating
functions
We go back to the algebra associated to two independent bosons, generated
by the usual lowering and raising operators a1, a2 and a
†
1, a
†
2 respectively,
satisfying the commutation relations
[ai, aj ] = 0 , [a
†
i , a
†
j] = 0 , [ai, a
†
j ] = δij , i, j = 1, 2 . (17)
Assuming an irreducible representation of this system in an abstract Hilbert
space H, the lowering operators annihilate the vacuum state |0, 0〉,
ai |0, 0〉 = 0, i = 1, 2 . (18)
The Hilbert space H is then spanned by the orthonormal basis set,
|k, l〉 = 1√
k!l!
(a†1)
k(a†2)
l |0, 0〉 , k, l = 0, 1, 2, . . . , (19)
with
a
†
1 |k, l〉 =
√
k + 1 |k + 1, l〉 , a†2 |k, l〉 =
√
l + 1 |k, l + 1〉 .
The vector-valued function
F (u, u) =
∞∑
k,l=0
ukul√
k! l!
|k, l〉 (20)
will serve as a useful book-keeping device in the subsequent calculations based
on the identities
∂F
∂u
(u, u) = a†1F (u, u) and
∂F
∂u
(u, u) = a†2F (u, u) . (21)
Obviously,
F (u, u) = eua
†
1
+ua†
2 |0, 0〉 . (22)
On the Hilbert space H(C) = L2(C, dν(z, z)), introduced above,
|0, 0〉 7→ h0,0(z, z) = 1, for all z, z, (23)
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and for any vector f ∈ H(C)
[eua
†
1f ](z, z) = euzf(z, z − u)
[eua
†
2f ](z, z) = euzf(z − u, z)
and therefore
F (u, u) = eua
†
1
+ua†
2 |0, 0〉 = euz+uz−uu . (24)
Expanding this with respect to u and u and comparing with (14) gives the
generating function for the complex Hermite polynomials in (15) - (16),
euz+uz−uu =
∞∑
k,l=0
hk,l(z, z)
ukul√
k! l!
=
∞∑
k,l=0
Hk,l(z, z)
ukul
k! l!
. (25)
Consider another well-known representation of the real Hermite polyno-
mials [14] on the Hilbert space H = L2(R2, dx1dx2), with
|0, 0〉 7→ h0,0(x1, x2) = e− 12 (x21+x22) (26)
and
[a†if ](x1, x2) =
1√
2
(
xi − ∂
∂xi
)
f(x1, x2) i = 1, 2 ,
[aif ](x1, x2) =
1√
2
(
xi +
∂
∂xi
)
f(x1, x2) i = 1, 2 .
Then, by the Baker-Campbell-Hausdorff formula,
[eua
†
1f ](x1, x2) = e
ux1−
1
2
u2f(x1 − u, x2)
[eua
†
2f ](x1, x2) = e
ux2−
1
2
u2f(x1, x2 − u)
and therefore
F (u, u) = eua
†
1
+ua†
2 |0, 0〉
= eux1−
1
2
u2+ux2−
1
2
u2− 1
2
(x1−u)2−
1
2
(x2−u)2
= e2ux1−u
2+2ux2−u2−
1
2
x2
1
− 1
2
x2
2 .
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Expanding this with respect to u and u and comparing with (9) gives the gen-
erating function for products of real Hermite polynomials in two-variables [14]
F (u, u) = e−
1
2
[x2
1
+x2
2
]
∞∑
k,l=0
ukul
k! l!
Hk(x1) Hl(x2) . (27)
3 Deformed generalized Hermite polynomials
Going back to (14), we now deform the complex Hermite polynomials hm,n
essentially by replacing the operators a†1 and a
†
2 by linear combinations of
these. Specifically, we define the operators
a
g
1
†
= g11a
†
1 + g21a
†
2 , a
g
2
†
= g12a
†
1 + g22a
†
2
a
g
1 = g11a1 + g21a
†
2 , a
g
2 = g12a1 + g22a2 . (28)
parametrized by a 2× 2 invertible complex matrix
g =
[
g11 g12
g21 g22
]
∈ GL(2,C) . (29)
The g-deformed basis elements are then defined to be
|k, l〉g = 1√
k!l!
(ag1
†)k(ag2
†)l |0, 0〉 k, l = 0, 1, . . . (30)
The generating function of the g-deformed basis is given by
Fg(u, u) =
∞∑
k,l=0
ukul
k! l!
(ag1
†
)k(ag2
†
)l |0, 0〉 = euag1†+uag2† |0, 0〉 (31)
which can be written as
Fg(u, u) = e
ua
g
1
†+uag
2
† |0, 0〉
= e(g11u+g12u)a
†
1
+(g21u+g22u)a
†
2 |0, 0〉
= F (g11u+ g12u, g21u+ g22u) .
In particular, we get the analogue of (25)
Fg(u, u) = exp ((g11u+ g12u)z + (g21u+ g22u)z − (g11u+ g12u)(g21u+ g22u))
=
∞∑
k,l=0
h
g
k,l(z, z)
ukul√
k! l!
=
∞∑
k,l=0
H
g
k,l(z, z)
ukul
k! l!
(32)
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where the polynomials
h
g
k,l(z, z) :=
(ag1
†
)k (ag2
†
)l√
k! l!
h0,0(z, z) =
H
g
k,l(z, z)√
k! l!
, k, l = 0, 1, . . . (33)
are the g-deformed complex Hermite polynomials.
Our aim is to describe the operator Tg defined by
Tg|k, l〉 = |k, l〉g k, l = 0, 1, . . . (34)
in terms of the group element g ∈ GL(2,C). Consider the map
P : H→ C[s, t] |k, l〉 7→ 1√
k!l!
sktl , (35)
where C[s, t] denotes the set of all complex polynomials in the two variables
s and t. Then
Pa
†
1 = MsP , Pa
†
2 = MtP , (36)
where Ms andMt stand for the operators of multiplication by s and t respec-
tively. Therefore
Tg|k, l〉g = 1√
k!l!
(g11s+ g21t)
k(g12s+ g22t)
l. (37)
Let
Rg : C[s, t]→ C[s, t] [Rgf ](s, t) = f(g11s+ g21t, g12s+ g22t). (38)
Then the following intertwining relation holds:
PTg = RgP . (39)
To summarize, we have a commutative diagram:
H
P
//
Tg

C[s, t]
Rg

H
P
// C[s, t]
(40)
The operators Rg realize a representation of GL(2,C) on the space C[s, t]
and it splits into an infinite direct sum of irreducible representations
C[s, t] =
∞⊕
L=0
CL[s, t], (41)
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where CL[s, t] stands for the subspace of homogeneous polynomials of degree
L:
CL[s, t] = span{sktL−k : k = 0, . . . , L} . (42)
If we take
V = C1[s, t] = span{s, t}, (43)
then we see that Rg|V is the standard representation of GL(2,C) and that
CL[s, t] ≃ SymLV (44)
(L-fold symmetric tensor product of V ). This representation is irreducible.
A straightforward calculation gives
(g11s + g21t)
k(g12s+ g22t)
l
=
k∑
i=0
l∑
j=0
(
k
i
)(
l
j
)
gi11g
k−i
21 g
j
12g
l−j
22 s
i+jtk+l−i−j
=
k+l∑
r=0

 min{r,k}∑
q=max{0,r−l}
(
k
q
)(
l
r − q
)
g
q
11g
k−q
21 g
r−q
12 g
l+q−r
22

 srtk+l−r .
where we used the substitution r = i+ j and q = i. If we choose the basis in
CL[s, t] as
fk(s, t) = s
ktL−k k = 0, 1, . . . , L (45)
then
Rgfk =
L∑
r=0

 min{r,k}∑
q=max{0,r+k−L}
(
k
q
)(
L− k
r − q
)
g
q
11g
k−q
21 g
r−q
12 g
L−k+q−r
22

 fr . (46)
So the matrix M(g, L) of Rg|CL[s,t] in the basis {fk}Lk=0 is given by the matrix
elements
M(g, L)rk =
min{r,k}∑
q=max{0,r+k−L}
(
k
q
)(
L− k
r − q
)
g
q
11g
k−q
21 g
r−q
12 g
L−k+q−r
22 0 ≤ r, k ≤ L .
(47)
A useful relation that we read off from the above is that
M(g, L)∗ = M(g∗, L), (48)
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the star denoting the adjoint matrix in each case.
If furthermore, λ1, λ2 are non-zero eigenvalues of M(g, 2), corresponding
to non-zero eigenvectors f1, f2, it is possible to show that the eigenvalues of
M(g, L) are
ΛL = {λk1λL−k2 ; k = 0, 1, . . . , L}. (49)
This is another useful result since (49) provides complete information regard-
ing any particular choice of roots, using which their characteristic polynomi-
als can easily be obtained.
From the above discussion it is clear that when H = H(C), Tghm,n = h
g
m,n
and Tg leaves the (L+1)-dimensional subspace of H(C) spanned by the vectors
S(L) = {hL,0, hL−1,1, hL−2,2, . . . , h0,L} (50)
invariant. Let T (g, L) denote the restriction of Tg to this subspace. Then the
matrix elements of T (g, L) in the S(L)-basis are just the M(g, L)rk in (47).
There is an interesting intertwining relation between M(g, L) and T (g, L)
[8] that is worth mentioning here. Note first, that using (15) one can directly
prove that
hm,n(z, z) = e
−∂z∂zpm,n(z, z), (51)
where
pm,n(z, z) =
zmzn√
m!n!
.
From this and the preceding discussion it is straightforward to verify that
e−∂z∂zM(g, L) = T (g, L)e−∂z∂z . (52)
4 Biorthogonal families of polynomials
From the way they were constructed in (14), it follows that the normalized
complex Hermite polynomials hm.n(z, z) form an orthonormal basis of H(C)∫
C
hm,n(z, z)hk,l(z, z) dν(z, z) = δmk δnl, (53)
where the bar denotes complex conjugation. Moreover, two subspaces gen-
erated by bases S(L) and S(M), with L 6= M , are mutually orthogonal.
On the other hand the g-deformed polynomials hgm,n cannot be expected to
form an orthogonal set, except in very special cases. However, we have the
following interesting result.
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Theorem 4.1 The basis dual to hm,n(z, z), m+ n = L, L = 0, 1, 2, . . . , in
H(C), consists of the deformed polynomials
h˜gm,n = [T (g, L)
∗]−1hm,n = h
(g∗)−1
m,n , m+ n = L. (54)
which are biorthogonal with respect to the hgm,n, m+ n = L, i.e.,∫
C
h˜
g
L−n,n(z, z)h
g
M−k,k(z, z) dν(z, z) = δLM δnk, (55)
where, n = 0, 1, 2, . . . , L, k = 0, 1, 2, . . . ,M .
Proof. Since the matrix T (g, L), with matrix elements M(g, L)rk, consti-
tutes a representation of GL(2,C) on the subspace HL(C) of H(C), generated
by the basis S(L), we know that T (g, L)−1 = T (g−1, L). From (48) it also
follows that T (g, L)∗ = T (g∗, L). Thus the second equality in (55) follows.
An easy computation establishes the biorthogonality relation (55). 
To summarize, the Hilbert space H(C) decomposes into the orthogonal
direct sum
H(C) =
∞⊕
L=0
HL(C),
of (L + 1)-dimensional subspaces HL(C), spanned by the orthonormal basis
vectors S(L), consisting of the complex Hermite polynomials hL−k.k, k =
0, 1, 2, . . . , L. On each such subspace the operators T (g, L), g ∈ GL(2,C)
define an (L + 1) × (L + 1)-matrix representation of GL(2,C). For each
g ∈ GL(2,C) one obtains a set of g-deformed complex Hermite polynomials
h
g
L−k.k = T (g, L)hL−k,k, k = 0, 1, 2, . . . , L, in HL(C) and a biorthogonal set
h˜
g
L−k.k, k = 0, 1, 2, . . . , L, which constitute a family of g
′-deformed complex
Hermite polynomials, with g′ = (g−1)∗. In particular, when g is the iden-
tity matrix, the two sets coincide with the (undeformed) complex Hermite
polynomials hm,n.
5 Back to noncommutative quantum mechan-
ics
Let us specialize to hermitian group elements g ∈ GL(2,C) of the type
g =
(
α β
β α
)
, α ∈ R, 0 < |α| < 1, β = i
√
1− α2 . (56)
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For such a matrix we denote the deformed operators agi and a
g
i
†
by aαi and
aαi
†, respectively. They are seen to obey the commutation relations
[aαi , a
α
i
†] = 1, [aαi , a
α
j ] = 0, [a
α
1 , a
α
2
†] = 2iα
√
1− α2. i, j = 1, 2 . (57)
These would be the same commutation relations as obeyed by the operators
Ai, A
†
i in (6) if we were to set Ai = a
α
i , A
†
i = a
α
i
† and ϑ = 2α
√
1− α2. In
other words a matrix of the type (56) is characteristic of a noncommutative
model of quantum mechanics, obeying commutation relations of the type
given in (1) - (3) with γ = ϑ. Denoting the associated deformed polynomials
hgm,n by h
α
m,n we say that the biorthogonal system of deformed complex Her-
mite polynomials {hαm,n, h˜αm,n, m, n = 0, 1, 2, . . .}, is naturally associated to
this model of noncommutative quantum mechanics, in the same way as the
orthonormal set of polynomials hm,n is associated to the standard quantum
mechanics of two degrees of freedom. Note, however, that the matrix asso-
ciated to h˜αm,n, which is the inverse of g in (56) is not of the same type as g.
However, had we allowed a somewhat more general biorthogonality relation,
e.g., of the type∫
C
h˜αL−n,n(z, z)h
α
M−k,k(z, z) dν(z, z) = κL,nδLM δnk,
where the κL,n are positive constants, it would have been possible to find dual
matrices under the action of which the commutation relations of noncommu-
tative quantum mechanics would be preserved. As an example, consider the
hermitian matrix
g′ =
(
α −β
−β α
)
Comparing with (56), we see that g′g = ∆I2, where ∆ is the determinant of g
(or g′) and I2 the 2×2 identity matrix. Defining the polynomials h˜αL−n,n using
this matrix, it is not hard to see from (47) that T (g′, L)T (g, L) = ∆LIL+1,
so that κL,n = ∆
L.
To end this section let us note that we discussed here the model of non-
linear quantum mechanics in which we took ϑ = γ, which means that the
noncommutativity in the two position and the two momentum operators in
(2) and (3) are of the same amount. This meant that we had a system of
two independent bosons as described by the commutation relations ((6), in
particular the relation [A1, A2] = 0. On the other hand this condition was
necessary to ensure that the ground state |0, 0〉 remained the same after the
transformation (28).
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6 A note on some associated algebras of bilin-
ear generators
We compile in this section some interesting results on algebras built out of
bilinear combinations of the creation and annihilation operators aαi
†, aαi , i =
1, 2, for a fixed matrix of the type (56). Note first that the operators
J1 =
1
2
(
a
†
1a2+a
†
2a1
)
, J2 =
1
2i
(
a
†
1a2−a†2a1
)
, J3 =
1
2
(
a
†
1a1−a†2a2
)
, (58)
obey the commutation relations of the generators of SU(2), i.e., [J1, J2] = iJ3
(cyclic). If we add to this set J4 =
1
2
(
a
†
1a1 + a
†
2a2
)
, we see that it commutes
with the other three. We would like to study the group(s) generated by the
deformed operators
Jα1 =
1
2
(
aα1
†aα2+a
α
2
†aα1
)
, Jα2 =
1
2i
(
aα1
†aα2−aα2 †aα1
)
, Jα3 =
1
2
(
aα1
†aα1−aα2 †aα2
)
,
(59)
built by replacing the a†i , ai by the a
α
i
†, aαi , which obey (see also [11]) the
commutation relations
[aαj , a
α
k
†] = δjk + εjk2iα
√
1− α2, (60)
where εjk is the usual anti-symmetric two-tensor. Using (60), we get
[Jα1 , J
α
2 ] = iJ
α
3 , [J
α
2 , J
α
3 ] = iJ
α
1 ,
[Jα3 , J
α
4 ] = iϑJ
α
1 , [J
α
4 , J
α
1 ] = iϑJ
α
3 ,
[Jα3 , J
α
1 ] = iJ
α
2 + iϑJ
α
4 , [J
α
2 , J
α
4 ] = 0, (61)
where again ϑ = 2α
√
1− α2 and Jα4 is defined as
Jα4 =
1
2
(
aα1
†aα1 + a
α
2
†aα2
)
. (62)
The above commutation relations are taken to hold for 0 < ϑ < 1 and
0 < α < 1.
In order to analyze the Lie algebra generated by the commutation rela-
tions (61), which we denote by g, it is convenient to make a basis change.
We identify two mutually commuting subalgebras g1 and g2:
{Xϑ1 , Xϑ2 , Xϑ3 } ≡ {iJα1 , iJα3 , i(Jα2 + ϑJα4 )} ∈ g1,
{Y ϑ} ≡ {ϑJα2 + Jα4 } ∈ g2.
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We then have the commutation relations,
[Xϑ1 , X
ϑ
2 ] = X
ϑ
3 , [X
ϑ
2 , X
ϑ
3 ] = (1− ϑ2)Xϑ1 , [Xϑ3 , Xϑ1 ] = (1− ϑ2)Xϑ2 ,
[Y ϑ, Xϑi ] = 0, (63)
so that g = g1 ⊕ g2.
In the limit ϑ→ 0, (63) leads to
[X0i , X
0
j ] = εijkX
0
k , [Y
0, X0i ] = 0, i, j = 1, 2, 3. (64)
In other words, g1 = su(2) as expected and hence,
g = su(2)⊕ u(1), ϑ = 0. (65)
In the other limit, i.e., ϑ→ 1 (the maximum value) we get
[X11 , X
1
3 ] = [X
1
2 , X
1
3 ] = 0, [X
1
1 , X
1
2 ] = X
1
3 , [Y
1, X1i ] = 0, (66)
i = 1, 2, 3, which is a nilradical basis, isomorphic to the Heisenberg algebra
h [6]. Thus,
g = h⊕ u(1), ϑ = 1. (67)
Finally for 0 < ϑ < 1, with the re-scaled generators,
Zϑ1 =
√
1− ϑ2Xϑ1 , Zϑ2 = Xϑ2 , Zϑ3 =
√
1− ϑ2Xϑ3 , (68)
we again get
[Zϑi , Z
ϑ
j ] = εijkZ
ϑ
k , [Y
ϑ, Zϑi ] = 0, i, j = 1, 2, 3, (69)
as in (64). Once again,
g = su(2)⊕ u(1), 0 < ϑ < 1. (70)
It is interesting note that, except in the case where ϑ = 1, the algebra
generated by the deformed generators is that of su(2)⊕u(1), exactly as in the
undeformed case (58). In the limit of ϑ = 1, α2 = 1
2
and the commutation
relation [aα1 , a
α
2
†] = 2iα
√
1− α2 in (57) becomes [aα1 , aα2 †] = i.
15
Acknowledgements
We would like to thank P. Winternitz, CRM, Université de Montréal, for
useful discussions. While working on this paper NMS would like to recognize
the Ministry of Higher Education (MOHE) of Malaysia for the support she
received under the Skim Latihan Akademik Institut Pengajian Tinggi (SLAI)
Universiti Putra Malaysia (UPM) scholarship. One of us (STA) would like
to acknowledge a grant from the Natural Science and Engineering Research
Council (NSERC) of Canada.
References
[1] S.T. Ali, F. Bagarello, and G. Honnouvo, Modular Structures on trace
class operators and applications to Landau Levels, J. Phys. A: Math.
Theor. 43 (2010).
[2] J.B. BenGeloun, J. Govaerts and M.N. Hounkonnou, A (p, q)-deformed
Landau problem in a spherical harmonic well: spectrum and non-
commutative coordinates, EPL Vol. 80 (2007).
[3] J. BenGeloun, S. Gangopadhyay and F.G. Scholtz, Harmonic oscillator
in a background magnetic field in noncommutative quantum phase space,
EPL, Vol. 86 (2009).
[4] J. Gamboa, M. Loewe and J. C. Rojas Non-Commutative Quantum
Mechanics, Phys. Rev. D, Vol. 64, Issue 6 (2001).
[5] A. Ghanmi, A class of generalized complex Hermite polynomials, J.
Math. Anal. and App. 340 1395-1406 (2008) arXiv:0704.3576v3
[6] B.C. Hall, Lie Groups, Lie algebras and Representations: An Elemen-
tary Introduction, Springer-Verlag, New York Inc. (2003).
[7] A. Intissar and A. Intissar, Spectral properties of the Cauchy transform
on L2(C, e
−|z|2λ(z)), J. Math. Anal. and Applic. 313, 400-418 (2006).
[8] M. E. H. Ismail, Analytic properties of complex Hermite polynomials,
preprint (2013)
16
[9] K. Ito, Complex multiple Wiener integral , Jap. J. Math. 22, 63-86
(1952).
[10] S. Jing and B. Lin, A new kind of representations on noncommutative
phase space, (2009) math-ph/0902.3782v1.
[11] K. Li, J. Wang and C. Chen, Representation of Noncommutative Phase
Space, Modern Physics Letters A, 20, 2165-2174 (2005).
[12] H. Matsumoto, Quadratic Hamiltonians and associated orthogonal poly-
nomials, J. Funct. Anal. 136, 214-225 (1996).
[13] W.F. McGee, Complex Gaussian noise moments, IEEE Trans. Inform.
Theory IT-17, 149-157 (1971).
[14] A. Messiah, Quantum Nechanics, Dover Publications Inc. (1999).
[15] B. Muthukumar and B. Mitra, Non-commutative oscillators and the
commutative limit, Phys. Rev. D 66, (2002).
[16] F.G. Scholtz, L. Gouba, A. Hafverand, and C.M. Rohwer, Formulation,
interpretation and application of non-commutative quantum mechanics,
J. Phys. A: Math. Theor. 42 (2009).
17
